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1. INTRODUCTION

The concept of Fuzzy sets was initially investigated by Zadeh [7] as a new way to represent
vagueness in everyday life. Subsequently, it was developed by many authors and used in various
fields. To use this concept in Topology and Analysis, several researchers have defined Fuzzy
metric space in various ways. In this paper we deal with the Fuzzy metric space defined by
Kramosil and Michalek [8] and modified by George and Veeramani [1]. Recently, Grebiec [8]
has proved fixed-point results for Fuzzy metric space. In the sequel, Singh and Chauhan [3]
introduced the concept of compatible mappings of Fuzzy metric space and proved the common
fixed point theorem. Jain and singh[2] proved a fixed point theorem for six self maps in a fuzzy
metric space.

In this paper, a fixed point theorem for six self maps has been established using the concept of
semi compatibility of pairs of self maps in fuzzy metrics space, which generalizes the result of
Cho [9].

For the sake of completeness, we recall some definitions and known results in Fuzzy metric
space.
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2. PRELIMINARIES
Definition 2.1. [10] A binary operation+:[0,1]x[0,1] —[0,1] is called a t-norm if ([0,1],*) is an

abelian topological monoid with unit 1 such that a*b <c#*d whenever a<cand b<d for a, b, c,
de[0, 1].

Examples of t-norms area*b =ab and a*b=min{a,b}.

Definition 2.2. [10] The 3-tuple (X, M, *) is said to be a Fuzzy metric space if X is an arbitrary
set, *is a continuous t-norm and M is a Fuzzy set in X?x[0,00)satisfying the following

conditions: Forall x,y,ze X and s,t >0

(FM-1) M (x,y,0)=0,

(FM-2) M (x,y,t)=1forallt>0ifandonlyifx =y,
(FM-3) M (x,y,t)=M (y, x, 1),

(FM-4) M (X, y,)*M (y,z,5) <M (X,z,t+53),
(FM-5) M (x,y,-):[0,0) — [0, 1] is left continuous,

(FM-6) limM (x,y,t)=1.
t—o0

Note that M (X, vy, t) can be considered as the degree of nearness between x and y with respect to
t. We identify x =y with M (x, y, t) = 1 for all t > 0. The following example shows that every
metric space induces a Fuzzy metric space.

Example 2.1. [10] Let X, d) be a metric space.

Difine a*xb = min{a,bjand M (x,y,t)= forall x,ye X andt>0.

t+d(x,y)
Then (X, M, *) is a Fuzzy metric space. It is called the Fuzzy metric space induced by d.

Definition 2.3. [10] A sequence {xn} in a Fuzzy metric space (X, M, *) is said to be a Cauchy

sequence if and only if for each ¢ >0, t > 0, there exists Ny €N such that M (Xy, X, 1) >1- ¢

forall n, m > ng. The sequence {X,} is said to converge to a point x in X if and only if for each
g >0, t >0 there exists npe N such that M (x,, x, t) > 1 - ¢for all nm >ng A Fuzzy metric
space (X, M, *) is said to be complete if every Cauchy sequence in it converges to a point in it.
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Definition 2.4. [3] Self mappings A and S of a Fuzzy metric space (X, M, *) are said to be
compatible if and only if M (ASx, SAX, ,t) — 1 forall t >0, whenever {x,} is a sequence in X
such that Sx,, AX, — p for some p in X as n —oo.

Definition 2.5 [10] Suppose A and S be two maps from a Fuzzy metric space (X,M,*) into itself.
Then they are said to be semi- compatible if ASx, = Sx, whenever {x,} is a sequence such that
lim, . ASx, =lim, . 5Ax, = x € X. It follows that (A, S) is semi- compatible and A, = Sy
imply ASy= SAy by taking {x,} =y and x=A,=S,.

Proposition 2.1. [2] In a fuzzy metric space (X, M, *) limit of a sequence is unique.

Lemma 2.1. [8] Let (X, M, *) be a fuzzy metric space. Then for all x, ye X, M (X, y, .) is a non-
decreasing function.

Lemma 2.2. [9] Let (X, M, *) be a fuzzy metric space. If there exists ke (0, 1) such that for all
X, ye X, MKy kt)>M(x,yt) Vt>0,thenx=y.

Lemma 2.3. [2] Let {x,} be a sequence in a fuzzy metric space (X, M, *). If there exists a
number ke (0, 1) such that M (Xn+2, Xn+1, Kt) >M (Xps1, Xn, t). t > 0 and neN. Then {x,} is a
Cauchy sequence in X.

Lemma 2.4. [4] The only t-norm * satisfying r * r> r for all re[0, 1] is the minimum t-norm,
thatisa* b =min {a, b} for all a, be [0, 1].

3. MAIN RESULT

Theorem 3.1. Let (X, M, *) be a complete fuzzy metric space and let A, B, S, T, P and Q be
mappings from X into itself such that the following conditions are satisfied:

(@) P (X) = ST (X), Q(X) = AB(X);

(b) AB=BA,ST=TS,PB=BP,QT =TQ;

(c) Either AB or P is continuous;

(d) (P, AB) and (Q, ST) pairs are semi compatible;

(e) There exists ge (0, 1) such that for every x, ye Xand t>0

M (Px, Qy, qt) > M (ABx, STy, t) * M (Px, ABX, t) * M (Qy, STy,t) * M (Px, STy, t).

Then A, B, S, T, P and Q have a uniqgue common fixed point in X.

Proof: Let xg € X. From (a) there exist X3, X, € X such that Pxo= STx; and Qx; = ABXx..

Inductively, we can construct sequences {x,} and {y.} in X such that PXzn.2 = STXon1 =Y 2n-1
and QXan.1 = ABXon=Yyanforn=1,2,3, ....

20



Step 1. Put X = Xpnand y = Xons1 Iin (€), We get
M (PXZn, QX2n+1, qt) > M (ABXZn, STX2n+1, t) *M (PXZn, ABXZn, t)
*M (QX2n+1,STX2n+1, t)*M (PXZn, STX2n+1, t).
=M (Yon, Yon+1, 1) * M (Yan+1, Yon, t)
*M (Yan+2, Yon+1, £) * M (Yan+1, Yonet, 1)}
>M (Yan, Yonet, 1) * M (Yane1, Yons2, 1).
From lemma 2.1 and 2.2, we have
M (Yan+1, Yon+2, Qt) =M (Yan, Yon+1, 1).
Similarly,
M (Y2n+2, Yon+3, Ot) = M (Yon+1, Yons2, ).
Thus,
M (Yn+1, Y2, Q) = M (Y, Yne1, 1) forn=1,2,...
M (Yn, ynes, 1) 2 M (Y, Yaea, 10)
>M (Yn2, Yn1, q°)
>M (y1, Y2, t/q") ->1lasn— oo,
and hence M (Yn, Yn+1,t) —1asn — o foranyt>0. Foreach ¢ >0andt> 0, we can choose
Nno € N such that M (yn, Yn+1, t) > 1 - ¢ for all n > ng. For m, ne N, we suppose m> n. Then we
have
M (Vn, Yms 1) = M (Y, Yo+, /m-n) * M (Yn+1, Yns2, t/M-n)
* . *M (Yme1, Ym, t/M-n)

>(1-¢)*(L-&)*...*(1- g)(m-n)times

> (1 -¢) and hence {yn} is a Cauchy sequence in X. Since (X, M, *) is complete,
{yn} converges to some point z € X. Also its subsequences converges to the same pointze X i.e.,
{QX2n+1} —>Z; {STX2n+1} —>Z (1)
and {Pxon} >z, {ABXan} —z. 2)

Case |. Suppose AB is continuous.
Since AB is continuous, we have (AB)*,, — ABz and ABPx,, — ABz. As (P, AB) is semi
compatible pair, then PABX,,— ABz.

Step 2. Put x = ABxzn and y = Xan+1 In (€), We get
M (PABXzn, QXon+1, t) = M (ABABX2n, STX2n+1, t) * M (PABX2,, ABABX2p, t)
*M (QX2n+1, STXon+1, t) *M (PABin, STXont1, t).
Taking n— oo, we get
M (ABz, z, qt) > M (ABz,z,t) * M (ABz, ABz,t) * M (z,z,t) * M (ABz, z, )
> M (ABz,z,t) *M (ABz, z,t)i.e. M (ABz, z, qt) > M (ABz, z, 1).
Therefore, by using lemma 2.2, we get ABz = z 3)
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Step 3. Put x =z and y = Xan+1 In (€), We have
M (Pz, Qxan+1, qt) >M (ABz, STXon41, t) * M (Pz, ABz, t)
*M (QX2n+1, STX2n+1, t) *M (PZ, STX2n+1, t).
Taking n — ooand using equation (1), we get
M (Pz,z,qt) > M (z,z,t) * M (Pz,z,t) *M (z,z,t) * M (Pz, z, 1)
>M (Pz,z,t) *M (Pz,z,t)i.e. M (Pz, z, qt) > M (Pz, z, 1).
Therefore, by using lemma 2.2, we get Pz = z. Therefore, ABz = Pz = z.

Step 4. Putting x = Bz and y = X417 in condition (e), we get
M (PBz, QX2n+1, qt) > M (ABBz, STxon41, t) * M (PBz, ABBz, 1)
*M (QX2n+1, STXon+1, t) *M (PBZ, STXon+1, t).

As BP = PB, AB = BA, so we have P (Bz) = B (Pz) = Bz and (AB) (Bz) = (BA) (Bz) = B
(ABz)=Bz. Takingn — o and using (1), we get
M (Bz,z,qt) > M (Bz,z,t) *M (Bz,Bz,t) *M (z, z,t) * M (Bz, z, 1)

>M (Bz,z,t) *M (Bz, z,t) i.e. M (Bz, z, qt) > M (Bz, z, t).
Therefore, by using lemma 2.2, we get Bz = z and also we have ABz =z. Az = z.
Therefore, Az=Bz=Pz=z 4)

Step 5. As P (X) < ST (X), there exists u € X such that z = Pz = STu. Putting X = xgpandy = u
in (e), we get
M (Px2n, Qu, gt) > M (ABXzn, STu, t) * M (PX2n, ABXzn, 1)
*M (Qu, STu, t) * M (Pxzn, STu, t).

Takingn — oo and using (1) and (2), we get
M (z,Qu,qt) > M (z,z,t) *M (z, z,t) * M (Qu, z,t) * M (z, z, 1)

>M (Qu, z,t) i.e. M (z, Qu, qt) > M (z, Qu, t).
Therefore, by using lemma 2.2, we get Qu = z. Hence STu = z = Qu. Since (Q, ST) is semi
compatible therefore, we have QSTu = STQu. Thus Qz = STz.

Step 6. Putting x = Xz, and y = z in (e), we get
M (Pxan, Qz, gt) > M (ABx2n, STz, t) * M (PX2n, ABXan, t)
*M (Qz, STz, t) * M (Pxap, STz, t).
Taking n— oo and using (2) and step 5, we get
M (z,Qz,qt) > M (z,Qz,t) *M (z, z,t) * M (Qz, Qz,t) * M (z, Qz, 1)
>M (z,Qz,t) *M (z, Qz, t) i.e. M (z, Qz, qt) >M (z, Qz, t).
Therefore, by using lemma 2.2, we get Qz = z.

Step 7. Putting x = X;pand y =Tz in (e), we get

M (Pxan, QTz, gt) > M (ABX2n, STTZ, t) * M (PX21, ABX2p, 1)
*M (QTz,STTz,t) * M (PXan, STTZ, 1).
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AsQT =TQand ST =TS, we have QTz=TQz=Tzand ST (Tz) =T (STz)=TQz =Tz.
Taking n — oo, we get
Mz Tz,qt) > M(z,Tz,t) *M (2,2, ) * M (T2, Tz,t) *M (z, Tz, 1)

>M (z, Tz,t) *M (z, Tz, t)i.e. M (z, Tz, qt) >M (z, Tz, 1).

Therefore, by using lemma 2.2, we get Tz = z. Now STz =Tz =z implies Sz = z.
Hence Sz=Tz=Qz=z2 (5)

Combining (4) and (5), we get Az =Bz = Pz =Qz =Tz = Sz = z. Hence, z is the common fixed
pointof A, B, S, T, P and Q.

Case 1. Suppose P is continuous. As P is continuous, P*xz,— Pz and P (AB)xz, — Pz.
As (P, AB) is semi compatible, we have (AB)Pxz, — Pz.

Step 8. Putting x = Px,, and y = Xpn41 in condition (e), we have
M (PPXzn, QX2n+1, qt) = M (ABPX2n, STX2n41, t) * M (PPX2n, ABPX2p, t)
*M (QXzn+1, STX2n41, 1) * M (PPX2n, STXan+1, ).

Taking n — oo, we get
M (Pz,z,qt) > M (Pz,z,t) *M (Pz,Pz,t) *M (z,z,t) * M (Pz, z, 1)

>M (Pz,z,t) *M (Pz, z, t) i.e. M (Pz, z, qt) > M(Pz, z, 1).
Therefore by using lemma 2.2, we have Pz = z.
Further, using steps 5,6, 7, we get Qz=STz=Sz=Tz =z.

Step 9. As Q (X) < AB (X), there exists we X such that z = Qz = ABw.
Put x =w and y = Xan+1 in (€), We have
M (Pw, QXon+1, t) = M (ABW, STXzn+1, t) * M (Pw, ABw, t)
*M (QX2n+1, STXon+1, t) *M (PW, STXon+1, t).

Taking n— oo, we get
M (Pw, z,qt) > M (z,z,t) *M (Pw, z,t) * M (z,z,t) * M (Pw, z, 1)

>M (Pw, z,t) * M (Pw, z, t) i.e. M (Pw, z, qt) >M (Pw, z, 1).
Therefore, by using lemma 2.2, we get Pw = z. Therefore, ABw = Pw = z. As (P, AB) is semi
compatible, we have Pz = ABz. Also, from step 4, we get Bz =z. Thus, Az=Bz=Pz=2zand
we see that z is the common fixed point of the six maps in this case also.

Uniqueness: Let u be another common fixed point of A, B, S, T, P and Q.

Then Au=Bu=Pu=Qu=Su=Tu=u.Putx=zandy=uin (e), we get
M (Pz, Qu, qt) > M (ABz, STu, t) * M (Pz, ABz,t) * M (Qu, STu,.t) * M (Pz, STu, t).
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Takingn — oo, we get
M(z,u,qt) >M(z,u, t) *M(z,z,t) *M (u, u, t) * M (z, u, t)
>M (z,u,t) *M (z,u,t) i.e. M (z,u,qt) > M (z, u, t).
Therefore by using lemma 2.2, we get z = u. Therefore z is the unique common fixed point of
self-maps A, B, S, T, P and Q.

Remark 3.1. If we take B = T =1 then condition (b) of theorem 3.1, is satisfied trivially .

Corollary 3.1. Let (X, M, *) be a complete fuzzy metric space and let A, S, P and Q be
mappings from X into itself such that the following conditions are satisfied:

(@ P (X) = S(X), Q (X) = A(X);

(b) either A or P is continuous;

(c) (P, A) and (Q, S) pairs are semi compatible;

(d) there exists g € (0, 1) such that forevery X,y € Xandt>0

M (Px, Qy, qt)> M (Ax, Sy, t) * M (Px, Ax, t) * M (Qy, Sy, t) * M (Px, Sy, t). Then A,
S, P and Q have a unique common fixed point in X.

Remark 3.2. In view of remark 3.1, corollary 3.1 is a generalization of the result of Cho [9] in
the sense that condition of compatibility of the pairs of self-maps has been restricted to semi
compatibility and only one map of the first pair is needed to be continuous.

4. CONCLUSION
In this paper, a fixed point theorem for six self-mappings is presented by using the concept of
semi compatibility which is the generalized result.
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