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 ABSTRACT 

In this paper we prove the existence and uniqueness of a strong solution of nonlinear 
retarded differential equation with a nonlocal history condition using the method of 
semidiscretization in time. Some applications of the abstract results is given in last 
section. 
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1 Introduction: Let us suppose the following nonlinear retarded differential equation in a real Hilbert space H , 

                                                                ൝
(ݐ)′ݑ + (ݐ)ݑܣ = ݂ ቀݐ, ,(ݐ)ݑ ൯ቁ(ݐ)ݎ൫ݑ , ݐ ∈ (0, ܶ],     

                    ℎ൫ݑ[ିఛ,଴]൯ = ∅଴, ,߬−]݊݋ 0] ,
                             (1.1) 

where 0<߬,ܶ < ∞, ∅଴ ∈ ଴ܥ = ,߬−])ܥ  the nonlinear operator A is single-valued and maximal monotone defined ,(ܪ;[0

from the domain (ܣ)ܦ ⊂ ,the nonlinear map ݂ is defined from [0 ,ܪ ݋ݐ݊݅ ܪ ܶ] ×  the map ℎ is defined from ,ܪ ଶ intoܪ

߰ ଴ and ߰[ିఛ,଴] is the restriction ofܥ݋ݐ଴݅݊ܥ ∈ ்ܥ ≔ ,߬−])ܥ ௧ܥ Here.(ܪ;[ܶ ≔ ,߬−])ܥ ݐ for (ܪ;[ݐ ∈ [0, ܶ] is the Banach 

space of all continuous functions from [−߬,  endowed with the supremum norm ܪ into [ݐ

t
 = )(sup 

 t
, ߶ ∈ ௧ܥ , 

where‖. ‖represents the norms in ܪ and the function ݎ: [0, ܶ] →  [−߬, ܶ]. 

We can also applied the existence and uniqueness results for (1.1) to the particular case, namely, the retarded functional 

differential equation, 

                                                         ቊݑ
(ݐ)′ + (ݐ)ݑܣ = ݂൫ݐ, ,(ݐ)ݑ ݐ)ݑ − ߬)൯, ݐ ∈ (0, ܶ],     

ݑ = ∅଴, ,߬−]݊݋ 0],
       (1.2) 

Byszewski and Lakshmikantham [1],Byszewski [2], Balachandran and Chandrasekaran [3], Lin and Liu [4] and the 

references cited in these papers, establish the existence, uniqueness and stability of different types of solutions of 

differential and functional differential equations with nonlocal conditions. We aim to extend the application of the 

method of lines to (1.1). For the applications of the method of lines to nonlinear evolution and nonlinear functional 

evolutions, we refer to Kartsatos and Parrott [5, 6], Kartsatos [7], Bahuguna and Raghavendra [8], Bahuguna [9], and 

the refrences cited in these papers. 

Suppose that there is ߯ ∈ such that ℎ൫߯[ିఛ,଴]൯ ்ܥ = ∅଴ on [−߬, 0] and ߯(0) ∈  We prove the existence of a strong .(ܣ)ܦ

solution ݑ of (1.1) under the assumptions of Theorem(2.1), stated in the next section , in the sense that there exists a 

unique function ݑ ∈ (ݐ)ݑ such that ்ܥ ∈ ݐ .for a.e (ܣ)ܦ ∈ [0, ,is differentiable a.e. on [0 ݑ ,[ܶ ܶ] and 
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                                                 ൝
(ݐ)′ݑ + (ݐ)ݑܣ = ݂ ቀݐ, ,(ݐ)ݑ ൯ቁ(ݐ)ݎ൫ݑ , ܽ. ݁. ݐ ∈ [0, ܶ]     

൫ݑ[ିఛ,଴]൯ = ൫߯[ିఛ,଴]൯, ,߬−]݊݋ 0] .
 (1.3) 

Finally, we show that ݑ is unique if and only if ߯ ∈ satisfying ℎ൫߯[ିఛ,଴]൯ ்ܥ = ∅଴ is unique up to[−߬, 0]. 

2 Preliminaries and Main result 

Let ܪ be a real Hilbert space . Let < ,ݔ ݕ > be the inner product of ݔ, ݕ ∈  Further , we assume the following.ܪ

assumptions: 

(A1) The operator (ܣ)ܦ:ܣ ⊂ ܪ →  ,.is maximal monotone, i.e ܪ

< ݔܣ − ,ݕܣ ݔ − ݕ >≥ 0, for all ݔ, ݕ ∈ ܫ)andܴ (ܣ)ܦ + (ܣ =  .where R(.) is the range of an operator ,ܪ

(A2) The map ℎ: ଴ܥ → ߯ ଴ and  there existsܥ ∈ ்ܥ  such that ℎ൫߯[ିఛ,଴]൯ = ∅଴ and ߯(0) ∈  .(ܣ)ܦ

(A3) The nonlinear map ݂: [0, ܶ] × ଶܪ →  satisfies a local Lipschitz-like condition ܪ

,ݐ)݂‖ ,ଵݑ (ଶݑ − ,ݏ)݂ ,ଵݒ ‖(ଶݒ ≤ |ݏ−ݐ|](ܴ)௙ܮ + ଵݑ‖ − ଶݑ‖+‖ଵݒ −  ,[‖ଶݒ

For all (ݑଵ, ,ଵݒ) ଶ) andݑ ,ଶ,( ߯(0)ܪ)ோܤ ଶ) inݒ ߯(0)))and ݐ ∈ [0, ܶ]where ܮ௙:ℝା → ℝା is a non decreasing function and, 

for ܴ > 0, 

,ଶ,( ߯(0)ܪ)ோܤ ߯(0))) = ,ଵݑ )} (ଶݑ  ∈ ∑:ଶܪ ௜ݑ‖ − ߯(0)‖ ≤ ܴ}.ଶ
௜ୀଵ  

(A4) The maps ݎ: [0, ܶ] → [−߬, ܶ] are continuous satisfying the delay property (ݐ)ݎ ≤ ݐ for ݐ ∈ [0, ܶ]. 

Theorem2.1 Suppose that the assumptions (A1)-(A4) are satisfied. Then (1.1) has a strong solution ݑ ∈  either on ்ܥ

[−߬, ܶ] or on the maximal interval of existence [−߬, ,(௠௔௫ݐ 0 < ௠௔௫ݐ ≤ ܶ, and in the later case either 

݈݅݉௧→௧೘ೌೣି‖(ݐ)ݑ‖ = ݐ goes to the boundary of D(A) as (ݐ)ݑ ݎ݋ ∞ → ௠௔௫ݐ − . Moreover, ݑ is ܿݏ݌݅ܮℎ݅ݖݐ continuous on 

every compact subinterval of existence. 

3 Discretization Scheme and a Priori Estimates 

In this part we prove the existence and uniqueness of a strong solution to (1.3) for any given ߯ ∈ with ߯(0) ்ܥ ∈  .(ܣ)ܦ

For the application of the method of lines to(1.3), we proceed as follows . Let ܴ଴ ≔ (ݐ)߯‖௧∈[ିఛ,்]݌ݑݏ − ߯(0)‖. For any 

0 < ܴ ≤ ܴ଴ ,we set ݐ଴ such that 0 < ଴ݐ ≤ ‖(0)߯ܣ‖଴ൣݐ  ,ܶ + ܶ)௙(ܴ଴)ܮ3 + (݉ + 1)ܴ଴) + ‖݂(0, ߯(0), ߯(0)‖൧ ≤ ܴ. 

For ݊ ∈ ℕ, let ℎ௡ = ଴ൗ݊ݐ .We set ݑ଴௡ = ߯(0) for all ݊ ∈ ℕ and define each of ൛ݑ௝௡ൟ௝ୀଵ
௡

as the unique solution of the 

equation 

                                                               
௨ି௨ೕషభ

೙

௛೙
ݑܣ+ = ݂ ൬ݐ௝௡ , ௝ିଵ௡ݑ , ௝ିଵ௡ݑු ቀݎ൫ݐ௝௡൯ቁ൰, (3.1) 

where ුݑ଴௡(ݐ) = ݐ for (ݐ)߯  ∈ [−߬, (ݐ)଴௡ݑු  ,[0 =  ߯(0) for ݐ ∈ [0, ଴] and for 2ݐ ≤ ݆ ≤ ݊ 

௝ିଵ௡ݑු                                    (ݐ) = ൞

ݐ ݎ݋݂(ݐ)߯ ∈ [−߬, 0]
௜ିଵ௡ݑ + ଵ

௛೙
ݐ) − ௜ିଵ௡ݐ ௜௡ݑ)( − ௜ିଵ௡ݑ

௝ିଵ௡ݑ ݐ ݎ݋݂  ∈ ௝ିଵ௡ݐ] , [଴ݐ
ݐ ݎ݋݂( ∈ ௜ିଵ௡ݐ) , ݅(௜௡ݐ = 1,2 … , ݆ − 1   (3.2) 



 Shalabh Saxena 

23 
 

The existence of a unique ݑ௝௡ ∈  satisfying (3.1) is a consequence of the  m-accretivity of A. Using (A2) we first(ܣ)ܦ

prove that the points ൛ݑ௝௡ൟ௝ୀ଴
௡

lie in a ball with its radius independent of the discretization parameters j, ℎ௡and ݊. We then 

prove a priori estimates on the difference quotients{
௨ೕ
೙ି௨ೕషభ

೙

௛೙
} using (A2). We define the sequence{ܷ௡} ⊂  of ்ܥ

polygonal functions 

                                           ܷ௡(ݐ) = ൝
ݐ ݎ݋݂(ݐ)߯ ∈ [−߬, 0]

௝ିଵ௡ݑ + ଵ
௛೙
൫ݐ − ௝ିଵ௡ݐ ൯(ݑ௝௡ − ௝ିଵ௡ݑ ݐ ݎ݋݂( ∈ ൫ݐ௝ିଵ௡ , ௝௡൯ݐ

 (3.3) 

and prove the convergence of {ܷ௡} to a unique strong solution ݑ of (1.3) in ்ܥ as ݊ → ∞. 

Now, we first show that ൛ݑ௝௡ൟ௝ୀ଴
௡

 lie in a ball in H of radius independent of ݆, ℎ௡and ݊. 

Lemma 3.1 For ݊ ∈ ℕ, ݆ = 1,2, … … , ݊, 

ฮݑ௝௡ − ߯(0)ฮ ≤ ܴ. 

Proof: From (3.1) for ݆ = 1 and the accretivity of A, we have 

ଵ௡ݑ‖ − ߯(0)‖ ≤ ℎ௡ൣ‖(0)߯ܣ‖ + ܶ)௙(ܴ଴)ܮ3 + 2ܴ଴) + ‖݂(0, ߯(0), ߯(0)‖൧ ≤ ܴ. 

Assume that‖ݑ௜௡ − ߯(0)‖ ≤ ܴ for , ݅ = 1,2, … … , ݆ − 1.Now for 2 ≤ ݆ ≤ ݊, 

ฮݑ௝௡ − ߯(0)ฮ ≤ ฮݑ௝ିଵ௡ − ߯(0)ฮ + ℎ௡ൣ‖(0)߯ܣ‖ + ܶ)௙(ܴ଴)ܮ3 + 2ܴ଴) + ‖݂(0, ߯(0), ߯(0)‖൧. 

Repeating the above inequality, we get 

ฮݑ௝௡ − ߯(0)ฮ ≤ ݆ℎ௡ൣ‖(0)߯ܣ‖ + ܶ)௙(ܴ଴)ܮ3 + 2ܴ଴) + ‖݂(0, ߯(0), ߯(0)‖൧ ≤ ܴ. 

as ݆ℎ௡ ≤ ଴ for 0ݐ ≤ ݆ ≤ ݊. This completes the proof of the lemma. 

Now we establish a priori estimates for the difference quotients ൜
௨ೕ
೙ି௨ೕషభ

೙

௛೙
ൠ. 

Lemma 3.2 There exists a positive constant K independent of the discretization parameters n, j and ℎ௡ such that 

ብ
௝௡ݑ − ௝ିଵ௡ݑ

ℎ௡
ብ ≤ ,ܭ ݆ = 1,2, … , ݊, ݊ = 1,2, …. 

Proof: In this proof and subsequently, K will represent a generic constant independent of j, ℎ௡ and ݊. 

Subtracting ݑܣ଴௡ = ଵ௡ݑ)ܨ  from both the sides in (3.1) and applying (0)߯ ܣ −  ଴௡), using accretivity of A, we getݑ

ฯ
ଵ௡ݑ − ଴௡ݑ

ℎ௡
ฯ ≤ ‖(0)߯ܣ‖ൣ + ܶ)௙(ܴ଴)ܮ3 + 2ܴ଴) + ‖݂(ℎ௡ , ߯(0), ߯(0)‖൧ ≤  .ܭ

Now, for 2 ≤ ݆ ≤ ݊ applying ܨ൫ݑ௝௡ − ௝ିଵ௡ݑ ൯, to (3.1) and using accretivity of A, we get 

ብ
௝௡ݑ − ௝ିଵ௡ݑ

ℎ௡
ብ ≤ ብ

௝ିଵ௡ݑ − ௝ିଶ௡ݑ

ℎ௡
ብ + ቛ݂ ൬ݐ௝௡, ௝ିଵ௡ݑ , ௝ିଵ௡ݑු ቀݎ൫ݐ௝௡൯ቁ൰ − ݂ ൬ݐ௝ିଵ௡ , ௝ିଶ௡ݑ , ௝ିଶ௡ݑු ቀݎ൫ݐ௝ିଵ௡ ൯ቁ൰ቛ. 

From the above inequality we get 
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max
{ଵஸ௞ஸ௝}

ብ
௞௡ݑ − ௞ିଵ௡ݑ

ℎ௡
ብ ≤ (1 + (ℎ௡ܥ max

{ଵஸ௞ஸ௝ିଵ}
ብ
௞௡ݑ − ௞ିଵ௡ݑ

ℎ௡
ብ + ℎ௡ܥ , 

where C is a positive constant independent of j, ℎ௡ and ݊. Proceeding the above inequality, we get  

}1{
max

jk
ฯ
௨ೕ
೙ି௨ೕషభ

೙

௛೙
ฯ ≤ ((1 + .ℎ௡)௝ܥ (ℎ௡ܥ݆ ≤ ஼்݁ܥܶ ≤  .ܭ

Thus we find the proof of the lemma. 

We consider another sequence {ܺ௡}  of step functions from [0, T] into H by 

ܺ௡(ݐ) = ቊ
ݐ ݎ݋݂(0)߯ = 0,

௝௡ݑ ݐ ݎ݋݂   ∈ ൫ݐ௝ିଵ௡ , ௝௡൯ݐ
 

Remark 3.3 From the lemma 3.2 it follows that the functions ܷ௡ and ݑ௥௡෪ ,0≤ ݎ ≤ ݊ − 1, are Lipschitz continuous on 

[0, (ݐ)଴] with a uniform Lipschitz constant K. The sequence ܷ௡ݐ − ܺ௡(ݐ) → 0  in H as ݊ → ∞ uniformly on [−߬,  .[଴ݐ

Furthermore, ܺ௡(ݐ) ∈ ݐ for  (ܣ)ܦ ∈ [0, ݊ are bounded in H, uniformly in {(ݐ)௡ܺ} and {(ݐ)௡ܷ} ଴] and the sequencesݐ ∈

ℕ and  ݐ ∈ [−߬, ݊ is bounded uniformly in {(ݐ)௡ܺܣ } ଴]. The sequenceݐ ∈ ℕ and ݐ ∈ [0,  .[଴ݐ

For convenience, let 

݂௡(ݐ) =  ݂ ൬ݐ௝௡, ௝ିଵ௡ݑ , ఫିଵ௡෪ݑ ቀݎ൫ݐ௝௡൯ቁ൰ , ݐ ∈ ൫ݐ௝ିଵ௡ , ,௝௡൯ݐ 1 ≤ ݆ ≤ ݊. 

Then equation (3.1) may be rewritten as 

                                                            ௗ
ష

ௗ௧
ܷ௡(ݐ) + (ݐ)௡ܺܣ = ݂௡(ݐ), ݐ ∈ (0,  ଴]  (3.4)ݐ

where ௗ
ష

ௗ௧
  denotes the left derivative in (0, ݐ ଴]. Also , forݐ ∈ (0,  ଴], we haveݐ

                                                      ∫ ௧଴ܣ ܺ௡(ݏ)݀ݏ =  ߯(0) − ܷ௡(ݐ) + ∫ ݂௡(ݏ)݀ݏ.௧
଴  (3.5) 

Lemma 3.4 There exists ݑ ∈ ௧బsuch that ܷ௡ܥ → ݊ ௧బasܥin ݑ → ∞. Moreover, ݑ is Lipschitz continuous on [0,  .[଴ݐ

Proof: From (3.4) for  ݐ ∈ (0,  ଴], we haveݐ

〈
݀ି

ݐ݀ (ܷ௡(ݐ) − ܷ௞(ݐ)), ܺ௡(ݐ) − ܺ௞(ݐ)〉 ≤ 〈݂௡(ݐ) − ݂௞(ݐ), ܺ௡(ݐ) − ܺ௞(ݐ)〉. 

In view of the above inequality , we find 

1
2
݀ି

ݐ݀
‖ܷ௡(ݐ) − ܷ௞(ݐ)‖ଶ

≤ {
݀ି

ݐ݀ (ܷ௡(ݐ) − ܷ௞(ݐ)) − ݂௡(ݐ) + ݂௞(ݐ), ܷ௡(ݐ) − ܷ௞(ݐ) − ܺ௡(ݐ) − ܺ௞(ݐ)} + {݂௡(ݐ)

− ݂௞(ݐ), ܷ௡(ݐ) − ܷ௞(ݐ)}. 

Now, 

‖݂௡(ݐ) − ݂௞(ݐ)‖ ≤ ߳௡௞௠ (ݐ) + ௡ܷ‖ܭ −ܷ௞‖௧ , 

where ߳௡௞(ݐ) = ℎ௡ൣܭ + ℎ௞ + ‖ܺ௡(ݐ − ℎ௡) − ܷ௡(ݐ)‖ + ‖ܺ௞(ݐ − ℎ௞) − ܷ௞(ݐ)‖ + ൛ห(ݐ)ݎ − ௝௡൯หݐ൫ݎ + ห(ݐ)ݎ −  ,௟௞൯หൟ൧ݐ൫ݎ
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for ݐ ∈ ൫ݐ௝ିଵ௡ , ݐ ௝௡൧ andݐ ∈ ൫ݐ௟ିଵ௞ , ,௟௞൧ݐ 1 ≤ ݆ ≤ ݊, 1 ≤ ݈ ≤ ݇. Therefore ߳௡௞(ݐ) → 0 as ݊, ݇ → ∞ uniformly on [0,  ,[଴ݐ

݀ି

ݐ݀
‖ܷ௡(ݐ) − ܷ௞(ݐ)‖ଶ ≤ ௡௞߳]ܭ + ‖ܷ௡ −ܷ௞‖௧ଶ], 

where ߳௡௞ is a sequence of numbers such that ߳௡௞ → 0 as ݊, ݇ → ∞. Integrating the above inequality over (0, ,(ݏ 0 <

ݏ ≤ ݐ ≤ ,଴,taking the supremum over (0ݐ and using the fact that ܷ௡ (ݐ = ∅ on [−߬, 0] for all ݊, we get 

‖ܷ௡ − ܷ௞‖௧ଶ ≤ ܭ ቈܶ߳௡௞ +න ‖ܷ௡ − ܷ௞‖௦ଶ
௧

଴
 .቉ݏ݀

Using Gronwall’s inequality we summarize that there exists ݑ ∈ ௧బ such that ܷ௡ܥ → ௧బܥ ݊݅ ݑ .  explicitly, ݑ = ∅ on 

[−߬, 0] and from remark 3.3 it follows that ݑ is Lipschitz continuous on [0,  .଴]. Hence we get the proof of the lemmaݐ

Proof of theorem 2.1: Firstly we prove the existence on [−߬,  ଴]and then prove the unique continuation of the solutionݐ

on [−߬, ܶ] . Proceeding similarly, we may show that (ݐ)ݑ ∈ ݐ for (ܣ)ܦ ∈ [0, ,[଴ݐ (ݐ)௡ܺܣ ⇀ ,on [0 (ݐ)ݑܣ  ଴] andݐ

,is weakly continuous on [0 (ݐ)ݑܣ ∗ݔ ଴]. Here⇀  denotes the weak convergence in H. For everyݐ ∈ ܺ∗ and ݐ ∈ (0,  ,[଴ݐ

we have  

න ,(ݏ)௡ܺܣ} ݏ݀{∗ݔ = {
௧

଴
 ߯(0), {∗ݔ − {ܷ௡(ݐ), {∗ݔ + න {݂௡(ݏ), .ݏ݀{∗ݔ

௧

଴
 

Applying lemma 3.4 and the bounded convergence theorem, we get as ݊ → ∞, 

                               ∫ ,(ݏ)ݑܣ} ݏ݀{∗ݔ = {௧
଴   ߯(0), {∗ݔ − ,(ݐ)ݑ} {∗ݔ + ∫ ቄ݂ ቀݏ, ,(ݏ)ݑ ൯ቁ(ݏ)ݎ൫ݑ , ௧.ݏቅ݀∗ݔ

଴  (3.6) 

Since (ݐ)ݑܣ is Bochner integrable [10] on [0, ,[଴ݐ  we get (3.6) ݉݋ݎ݂

                                                ௗ
ௗ௧
(ݐ)ݑ + (ݐ)ݑܣ = ݂ ቀݐ, ,(ݐ)ݑ ൯ቁ(ݐ)ݎ൫ݑ , ܽ. ݁. ݐ ∈ [0,  ଴]. (3.7)ݐ

Clearly , ݑ is lipschitz continuous on [0, (ݐ)ݑ ଴] andݐ ∈ ݐݎ݋݂(ܣ)ܦ ∈ [0,   ଴]. Now we prove the uniqueness of a functionݐ

ݑ ∈ ,௧బ which is differentiable a.e. on [0ܥ (ݐ)ݑ ℎݐ݅ݓ [଴ݐ ∈ ,a.e. on [0 (ܣ)ܦ ݑ ଴] andݐ = ∅ on [−߬, 0] satisfying (3.7). Let 

,ଵݑ ଶݑ ∈  ௧బ be two such functions. Assume thatܥ

ܴ = max൛‖ ݑଵ‖௧బ ,  .ଶ‖௧బൟݑ ‖

Then for ݑ = ଵݑ −  ଶ,we haveݑ

ௗ
ௗ௧
ଶ‖(ݐ)ݑ‖ ≤ ݐ .௧ଶ,  a.e‖ݑ‖(ܴ)ܥ ∈ [0,  ,[଴ݐ

where ܥ:ℝା → ℝା is a nondecreasing function. Integrating over (0, 0 ݎ݋݂(ݏ < ݏ ≤ ݐ ≤  ଴, taking supremum overݐ

(0, ݑ and using the fact that (ݐ ≡ ,߬−] ݊݋ 0 0],  we get 

௧ଶ‖ݑ‖ ≤ න(ܴ)ܥ ௧ଶ‖ݑ‖
௧

଴
 .ݏ݀

Application of Gronwall’s inequality implies that ݑ ≡ ,߬−] ݊݋ 0  .[଴ݐ

Now we prove the continuation of the solution ݑ on [−߬, ܶ]. Suppose ݐ଴ < ܶ and consider the problem 
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                                              ቊݓ
(ݐ)′ + (ݐ)ݓܣ = ሚ݂ ቀ(ݐ)ݓ,ݐ, ൯ቁ(ݐ)ݎ൫̃ݓ , 0 < ݐ ≤ ܶ − ,଴ݐ

ݓ = ෤߯,   ݊݋ [−߬ − ,଴ݐ 0],
 (3.8) 

where  ሚ݂ (ݐ, ,ଵݑ ݐ)݂ =(ଶݑ + ,଴ݐ ,ଵݑ ,(ଶݑ 0 < ݐ ≤ ܶ −  ,଴ݐ

෤߯(ݐ) = ൜߯(ݐ + ,(଴ݐ ݐ ∈ [−߬ − ,଴ݐ ,[଴ݐ−
ݐ)ݑ + ݐ     ,(଴ݐ ∈ ,଴ݐ−] 0],  

(ݐ)ݎ̃ = ݐ)ݎ + (଴ݐ − ݐ    ,଴ݐ ∈ [0, ܶ −  .[଴ݐ

Since ෤߯(0) = (଴ݐ)ݑ ∈ ,satisfies (A4) on [0  ݎ̃  and ሚ݂  satisfies (A2) and (ܣ)ܦ ܶ −  ଴], we may followed as before andݐ

prove the  existence of a unique ݓ ∈ ߬−])ܥ − ,଴ݐ ,(ܺ;[ଵݐ 0 < ଵݐ ≤ ܶ −  is a Lipschitz continuous ݓ ଴, such thatݐ

on[0, (ݐ)ݓ,[ଵݐ ∈ ݐ ݎ݋݂(ܣ)ܦ ∈ [0,  satisfies ݓ ଵ]  andݐ

                                                         ቊݓ
(ݐ)′ + (ݐ)ݓܣ = ሚ݂ ቀ(ݐ)ݓ,ݐ, ൯ቁ(ݐ)ݎ൫̃ݓ , ܽ. ݁. ݐ ∈ [0, ,[ଵݐ

ݓ = ෤߯,   ݊݋ [−߬ − ,଴ݐ 0],
 (3.9) 

Then the function ݑത(ݐ) = ൜ ݐ         ,(ݐ)ݑ ∈ [−߬, ,[଴ݐ
ݐ)ݓ − ݐ           ,(଴ݐ ∈ ,଴ݐ] ଴ݐ +  ,[ଵݐ

is lipschitz continuous on [0, ଴ݐ + ,[ଵݐ (ݐ)തݑ ∈ ݐ ݎ݋݂(ܣ)ܦ ∈ [0, ଴ݐ + ,ଵ] and satisfies (1.3) a.e. on [0ݐ ଴ݐ +  ଵ]. Proceedingݐ

in the same manner we may prove the existence either on the whole interval [−߬, ܶ ] or on the maximal interval of 

existence [−߬, ,(௠௔௫ݐ 0 < ௠௔௫ݐ ≤ ܶ. In case ݈݅݉௧→௧೘ೌೣ
ష‖(ݐ)ݑ‖ < ∞, then as (ݐ)ݑ ∈ ݐ  ݎ݋݂ (ܣ)ܦ ∈ [0,  ௠௔௫),  we haveݐ

݈݅݉௧→௧೘ೌೣ
ష(ݐ)ݑ  is in the closure of (ܣ)ܦ  in H and if is in (ܣ)ܦ then we can widen (ݐ)ݑ  beyond ݐ௠௔௫  contradicting 

the definition of the maximal interval of existence. 

Now, let ݑ௫ be the strong solution of (1.3) corresponding to χ satisfying ℎ(߯[ିఛ,଴] = ∅଴.  If there are  ߯ଵ,  ߯ଶ ∈ ܥ ෨்  ( ෨ܶ  is 

either equal to T or ෨ܶ < ௠௔௫  ) such that ℎ൫߯[ିఛ,଴]ݐ
ଵ ൯ = ℎ൫߯[ିఛ,଴]

ଶ ൯ = ∅଴ and   ߯ଵ ≠  ߯ଶ    on [−߬, 0] then clearly  ݑ௫భand 

 .௫మ satisfying (1.3) are different. Hence the proof of the theorem(2.1)ݑ
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